Abstract. A classification of homogeneous pseudo-Riemannian structures and a characterization of each primitive class are obtained. Several examples are also given.
Introduction
Ambrose and Singer [2] gave a characterization of connected, simply connected and complete homogeneous Riemannian manifolds in terms of a (1, 2) tensor field S on the manifold. This characterization extends the one given by Cartan [5] of Riemannian symmetric spaces, and has also permitted Tricerri and Vanhecke [19] to classify those homogeneous Riemannian manifolds into eight classes, which are defined by the invariant subspaces of certain space S 1 ⊕ S 2 ⊕ S 3 . In [19] it is proved that a connected, simply connected and complete homogeneous Riemannian manifold admits a nonvanishing homogeneous structure S of type S 1 if and only if it is isometric to the hyperbolic space, and that it admits a homogeneous structure S of type S 3 if and only if it is naturally reductive.
In [10] , we have generalized the characterization given in [2] to the pseudo-Riemannian case of any signature, and proved that a connected, simply connected and complete pseudo-Riemannian manifold admits a homogeneous pseudo-Riemannian structure if and only if it is reductive homogeneous. Note that in the Riemannian case, every homogeneous manifold is complete and reductive.
In the present paper, we first give a classification for the pseudo-Riemannian case of any signature similar to that given in [19] for Riemannian homogeneous structures. Then we give a characterization of each of the primitive classes S 1 , S 2 and S 3 .
Suppose (M, g) is a connected, simply connected and complete reductive homogeneous pseudo-Riemannian manifold of any signature. Then:
(i) We prove that (M, g) admits a nondegenerate homogeneous structure of type S 1 if and only if g is either a (positive definite) Riemannian metric of constant negative curvature or a negative definite metric of constant positive curvature. Moreover, we see that the nonflat pseudo-Riemannian space forms of arbitrary signature admit locally nondegenerate homogeneous pseudo-Riemannian structures of type S 1 . The degenerate case is studied by A. Montesinos Amilibia in [14] .
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(ii) As for the class S 2 , although several authors have given a lot of examples in the Riemannian case ( [1] , [11] , [13] , [15] , [19] ), there is not, as far as we know, a characterization. We give that characterization in terms of the cotorsion of a linear connection, introduced by Cruceanu [8] . A pseudo-Riemannian manifold admits a structure of type S 2 if and only if it is a cotorsionless manifold (see Definition 4.4) which satisfies a supplementary condition (see Theorem 4.10) . Notice the conceptual relation with Nomizu's naturally reductive homogeneous manifolds [16] . In our case the distinguished connections have other relations with the canonical connection. Specifically, they have the same torsion as the canonical connection, and vanishing cotorsion.
(iii) We give a characterization for the primitive class S 3 : similarly to the Riemannian case, we obtain the naturally reductive homogeneous pseudo-Riemannian manifolds.
We finally give several examples. In fact, we study the existence of homogeneous pseudo-Riemannian structures on certain solvable Lie groups equipped with left-invariant metrics of constant curvature, on the classical 3-dimensional Heisenberg group and on the 5-dimensional generalized Heisenberg group H(1, 2). Montesinos Amilibia by his valuable help, specially in the characterization of the class S 1 , and to Prof. J. Muñoz Masqué by his suggestions while reading the manuscript.
Reductive homogeneous pseudo-Riemannian manifolds
Let M be a connected C ∞ differentiable manifold of dimension n ≥ 2. Let g be a pseudoRiemannian metric of signature (k, n − k) on M , ∇ the Levi-Civita connection of g and R the curvature tensor field, for which we shall adopt the convention
for X, Y, Z, W ∈ X(M ). In [10] we have defined a homogeneous pseudo-Riemannian structure on (M, g) as a tensor field S of type (1, 2) on M such that the connection∇ = ∇ − S satisfies∇ g = 0 ,∇R = 0 ,∇S = 0 .
We have proved in [10] that if (M, g) is connected, simply connected and complete then it admits a homogeneous pseudo-Riemannian structure if and only if it is a reductive homogeneous manifold. Let V be a real vector space of dimension n endowed with an inner product , of signature (k, n − k). The space (V, , ) will be the model for each tangent space T x M , x ∈ M , of a reductive homogeneous pseudo-Riemannian manifold of signature (k, n − k). Consider the vector space S(V ) of tensors of type (0, 3) on (V, , ) satisfying the same symmetries as those of a homogeneous pseudo-Riemannian structure S, that is,
where S XY Z = S X Y, Z . The inner product of V induces in a natural way an inner product in S(V ), given by
ε i ε j ε k S e i e j e k S e i e j e k , where {e i } is an orthonormal basis of V , e i , e i = ε i ,
and the map S → aS is an isometry of S(V ) for all a ∈ O(k, n − k). Let c 12 : S(V ) → V * be the map defined by
where {e i } is an orthonormal basis of V , e i , e i = ε i . From the theory of representations of the pseudo-ortogonal group ([3] , [9] , [20] ) it follows that S(V ) decomposes into the orthogonal direct sum of three invariant and irreducible subspaces under the action of O(k, n − k). Specifically, the subspace ∧ 3 V * , the subspace of c 12 -traceless tensors of the subspace Y of ⊗ 3 V * corresponding to the Young element id + (12) − (23) − (132), associated to the nonstandard Young frame 2 1 3 and the space of tensors corresponding to the above c 12 -trace. Denoting those three subspaces respectively by S 3 (V ), S 2 (V ) and S 1 (V ), we thus have: Theorem 2.1. If dim V ≥ 3, then S(V ) decomposes into the orthogonal direct sum of subspaces which are invariant and irreducible under the action of O(k, n − k) :
where
Furthermore,
Definition 2.2. We shall say that the homogeneous pseudo-Riemannian structure S on
Thus, we have eight classes of homogeneous pseudo-Riemannian structures.
3 Homogeneous pseudo-Riemannian structures of type S 1 Definition 3.1. Let S be a homogeneous pseudo-Riemannian structure of type S 1 on a connected pseudo-Riemannian manifold (M, g), that is,
where ξ is a vector field on M . We say that S is nondegenerate if g(ξ, ξ) = 0.
If ξ is the vector field associated to a structure S of type S 1 on (M, g) and∇ = ∇ − S, where ∇ is the Levi-Civita connection of g, one easily proves that∇S = 0 if and only if ∇ξ = 0 or, equivalently,
) be a connected pseudo-Riemannian manifold which admits a nondegenerate homogeneous structure of type S 1 defined by a vector field ξ. Then (M, g) has nonzero constant sectional curvature −g(ξ, ξ).
Proof. If ξ is the vector field on M associated to a nondegenerate structure S of type S 1 on M , the condition∇ξ = 0 implies that g(ξ, ξ) is a nonzero constant c. From (1), we obtain by direct computation that
Putting
the condition∇R = 0 and (2) give
Since A has the same symmetries as R, applying Bianchi's identities we deduce
where ω is the 1-form defined by ω(X) = g(X, ξ). Then ω ∧ A( · , · , W, U ) = 0 and, contracting with ξ, one sees that c A( · , · , W, U ) = 0. Since c = 0, we have A = 0, that is R = −c G, and so (M, g) has constant sectional curvature −c.
Let R n+1 k (n ≥ 2) be the pseudo-Euclidean space of dimension n + 1 with the indefinite inner product
x j y j , and consider, for each r > 0, the pseudo-Riemannian sphere
and the pseudo-hyperbolic space
We represent byS n k (r) the manifold S n k (r) if k = n, n−1, the universal pseudo-Riemannian covering manifold of S n n−1 (r) if k = n − 1 and the connected component of (0, .
) of dimension n ≥ 2 and signature (k, n − k) admits a nondegenerate homogeneous pseudo-Riemannian structure of type S 1 defined by a vector field ξ then, by Proposition 3.2, (M, g) has constant curvature −g(ξ, ξ) = 0 and if moreover (M, g) is complete then it is a pseudo-Riemannian space form, that is (Wolf [21, p. 68 
where Γ is a group of isometries acting freely and properly discontinuously.
Let ω be the metric dual form to ξ. From equation (1) it follows that dω = 0. Since ω is nowhere zero, through each point of M there passes a unique maximal integral hypersurface of ω. If H is such an integral hypersurface of ω and c = g(ξ, ξ) then N = |c| −1/2 ξ is a unit vector field normal to H and, from (1),
for each X ∈ X(H). Hence, H is a totally umbilical hypersurface of M . If∇ denotes the connection induced on H then
A computation shows that the corresponding curvatureR satisfieŝ
hence H is a flat submanifold of M .
To study the existence of such a vector field ξ defining a nondegenerate homogeneous structure on a simply connected complete pseudo-Riemannian manifold, we can suppose, changing the sign of the metric if necessary, that (M, g) has positive constant curvature, that is c = g(ξ, ξ) < 0, and for the sake of simplicity we can take c = −1, so that it suffices to consider the modelsS Suppose that there exists a nondegenerate homogeneous pseudo-Riemannian structure on S n k defined by a vector field ξ. Then g(ξ, ξ) = −1 and so the Riemannian case (k = 0) is not possible. Supposing 1 < k < n we shall also arrive to a contradiction.
The totally umbilical hypersurfaces of S n k are contained in the intersection of a hyperplane of R n+1 with S n k (Chen [6] ). Hence, if H is an integral manifold of ω, then
with the condition that the metric induced by g on H is not degenerate. The nondegeneracy of the metric induced on the tangent space T x (H), x ∈ H, is equivalent to the nondegeneracy of the metric induced by g on the orthogonal space
k ) and it is easily seen that this condition is equivalent to b(z, z) = λ 2 . One can obtain by geometrical considerations the conditions on the values of λ and z for H to be flat and totally umbilical, which are
Let us consider an integral manifold H λ of ω = g(ξ, · ),
where z ∈ R n+1 − {0}, b(z, z) = 0. Let∇ denote the Levi-Civita connection induced on H. Since for all vector fields X, Y tangent to H,∇ X Y is the component tangent to H of the covariant derivative
But from Gauss and Weingarten formulas we also get∇ X Y = X(Y ) + g(X, Y )(U − ξ), where U ∈ X(R n+1 ) is the vector field defined by U x = x. Thus, ξ x = U x − λ −1 z for each point x ∈ H. Now, the integral curves of ξ are geodesics of S n k because of (1). On the other hand, the geodesic γ in S n k with initial conditions (x, n), where
Hence, the vector field U − (1/g(U, z)) z defines the homogeneous structure. In fact, this vector field, which is well-defined on
satisfies (1) . Thus, by the uniqueness of the solutions of (1) we conclude that
on U and it is not possible to extend ξ to a point x ∈ S n k such that b(x, z) = 0. Hence, in order that there exists a vector field ξ defining a nondegenerate homogeneous pseudoRiemannian structure on S n k , the set
x i e i , from the conditions b(x, x) = 1 and b(x, z) = 0, we have the equations
which have solution. This contradicts the fact that E = ∅ and, hence, such a vector field ξ cannot exist.
It is now easy to see that the universal pseudo-Riemannian covering manifoldS n n−1 of S n n−1 does not admit nondegenerate homogeneous pseudo-Riemannian structures of type S 1 . Such manifold can be realized as R n with the pseudo-Riemannian metric induced by the covering projection π :
given by π(x, t) = (x, 1 + x 2 cos t, 1 + x 2 sin t). The existence of a nondegenerate homogeneous pseudo-Riemannian structure onS n n−1 would imply the existence of a nondegenerate homogeneous pseudo-Riemannian structure on a certain neighbourhood of each point of S n n−1 , which, as in Lemma 3.3, would be determined by a non-null isotropic vector z ∈ R n+1 n−1 and, in particular, it would induce a structure of the same type on a neighbourhood of each point x ∈ S n n−1 such that b(x, z) = 0, which is not possible because of the expression of the field given by (3) in that neighbourhood.
On the other hand, it is well-known ( [19] , see also 5.2) that if (M, g) is a connected, simply connected and complete Riemannian manifold of negative constant curvature then it admits a nonvanishing homogeneous Riemannian structure of type S 1 . If g is a negative definite metric of positive constant curvature then (M, −g) is a Riemannian manifold of negative constant curvature and if ξ is a vector field on M defining a homogeneous structure S of type S 1 on (M, −g) then the vector field −ξ defines the homogeneous structure S of type S 1 on (M, g).
Consequently, we have:
) be a connected, simply connected and complete pseudo-Riemannian manifold of dimension n ≥ 2 and signature (k, n − k). Then (M, g) admits a nondegenerate homogeneous pseudo-Riemannian structure of type S 1 if and only if (M, g) is, up to a change of sign of g, a Riemannian manifold of negative constant curvature.
Remark 3.5. As we have seen, when 0 < k < n, the space S n k admits a homogeneous pseudo-Riemannian structure defined in every point except in the intersection of S n k with a hyperplane. Such a structure is completely determined by the choice of a isotropic vector z ∈ R n+1 and it is defined by the vector field ξ given by (3) on { x ∈ S n k : b(x, z) = 0 }. Moreover, in both the universal coveringS n n−1 and the quotient spacesS n k /Γ obtained by the free and properly discontinuous action of a group Γ of isometries, ξ defines locally structures of the same type. Thus, all of the nonpositive definite pseudo-spherical space forms (and similarly, all of the nonnegative definite pseudo-hyperbolic space forms) possess, locally, nondegenerate homogeneous pseudo-Riemannian structures of type S 1 .
Naturally reductive homogeneous pseudo-Riemannian manifolds and cotorsionless manifolds
In order to characterize the classes S 2 and S 3 we shall use the interpretation of the invariant connections on reductive homogeneous spaces in terms of certain linear maps, equivalent to the ones considered in [12, Cap. X], in the sense that we shall now precise.
Let (M = G/H, g) be a connected reductive homogeneous pseudo-Riemannian manifold of dimension n, with Ad(H)-invariant decomposition g = h⊕m, where G is a connected Lie group acting transitively and effectively on M as an isometry group, H the isotropy group of a point o ∈ M , g the Lie algebra of G and h the Lie algebra of H.
We shall identify as usual m with T o (M ) through the isomorphism
o , where, for each X ∈ m, µ(X) = X * o , being X * the Killing vector field generated on M by the local uniparameter group { exp tX } acting on M .
Through the commutativity of the diagram
it is obtained, for each h ∈ H, a bijective correspondence between the G-invariant linear connections ∇ on M and the linear maps
(compare [12, p. 191]) being both related by
Moreover, consider the nondegenerate Ad(H)-invariant symmetric bilinear form on m associated to g, B : m × m → R,
If ∇ is the Levi-Civita connection of g and Λ m the associated linear map, then (see [12, Th. 3.3 (1), p. 201]) we have
where U : m × m → m is the symmetric bilinear map defined by 
Thus, the homogeneous pseudo-Riemannian structure S = ∇ −∇ associated ( [10] ) to the reductive decomposition g = h ⊕ m is characterized by
It is now immediate the following Proposition 4.1. Let (M = G/H, g) be a connected reductive homogeneous pseudo-Riemannian manifold with decomposition g = h ⊕ m and let S be the associated homogeneous pseudo-Riemannian structure. Then the following conditions are equivalent: (a) S is of type S 3 ;
Proof. From (7), we have
for all X, Y ∈ m, hence S is of type S 3 if and only if the map U given by (6) vanishes.
Consequently we have, as in the Riemannian case ( [19] ), the characterization for the class S 3 : Theorem 4.2. A connected, simply connected and complete pseudo-Riemannian manifold admits a homogeneous pseudo-Riemannian structure of type S 3 if and only if it is a naturally reductive homogeneous pseudo-Riemannian manifold.
We shall now give a characterization, which did not even exist in the Riemannian case and that includes this case, of the class S 2 in terms of Cruceanu's cotorsion ( [8] ). 
where T is the torsion of ∇. 
Proof. Let ∇ be the Levi-Civita connection of g and let A =∇ − ∇. It is easily proved that the cotorsionτ of∇ is
and since g and A =∇ − ∇ are G-invariant,∇ has vanishing cotorsion if and only if
Now, from (4) for∇ and ∇ one has
where Λ m : m → End(m) is the bilinear map associated to ∇. Hence, condition (9) is equivalent to
But from (5) and (6) it follows
and hence (10) is equivalent to (8) . 
On the other hand,
from which the equivalence immediately follows. (b) ⇐⇒ (c). The torsion of the G-invariant linear connection∇ defined by a linear mapΛ m is given bȳ
Then∇ has the same torsion as the canonical connection asociated to the reductive decomposition g = h ⊕ m if and only if it is satisfied
If moreover∇ has vanishing cotorsion, from Lemma 4.5 and from (11) we obtain
Conversely, suppose that one has (c) and let∇ be the G-invariant linear connection on M given by
where U is the tensor defined by (6) . Since U is symmetric, one has (11) , that is,∇ has the same torsion as the canonical connection. We want finally to prove that∇ has vanishing cotorsion or equivalently, by Lemma 4.5, thatΛ m satisfies (8) . But this follows from (12), (6) and (c).
Remark 4.7. If S = 0 then the Levi-Civita connection coincides with the canonical connection and furthermore it satisfies automatically equation (8) . If S = 0 is of type S 1 ⊕ S 2 and∇ is the G-invariant linear connection on M defined by (12) then∇ is not a metric connection; indeed, it would only happen if it were U = 0, but in this case, from Proposition 4.1, S would be of type S 3 .
As a consequence of Proposition 4.6, every cotorsionless manifold admits a homogeneous pseudo-Riemannian structure ot type S 1 ⊕ S 2 and, conversely, if (M, g) is a connected, simply connected and complete pseudo-Riemannian manifold which admits a homogeneous pseudo-Riemannian structure S of type S 1 ⊕ S 2 then ( [10] ) there exists a group of isometries G acting transitively and effectively on M , in such a way that M = G/H admits an Ad(H)-invariant decomposition g = h⊕m, whose associated homogeneous pseudo-Riemannian structure is S; hence g = h ⊕ m is a cotorsionless reductive decomposition. Thus, we can state the following Theorem 4.8. A connected, simply connected and complete pseudo-Riemannian manifold admits a homogeneous pseudo-Riemannian structure of type S 1 ⊕ S 2 if and only if it is a cotorsionless reductive homogeneous pseudo-Riemannian manifold.
We shall now characterize the primitive class S 2 .
Proposition 4.9. In the conditions of Proposition 4.6, the following conditions are equivalent:
(a) S is of type S 2 ;
(b) g = h ⊕ m is a cotorsionless reductive decomposition and
where { e i : i = 1, . . ., n } is an orthonormal basis of m, B(e i , e j ) = ε j δ ij , ε j = ±1.
Proof. It suffices to use Proposition 4.6 and to observe that, for each X ∈ m, one has
Hence, we have: 
Examples

A flat Lorentzian Lie group
Let G = R × ρ R be the (solvable non-abelian) semidirect product Lie group of the abelian group R by itself under the homomorphism ρ : R → Aut(R) given by ρ(t)(a) = e −t a, where t, a ∈ R. Its Lie algebra is g = R 2 with the structure given by [(a, t), (b, s)] = (sa − tb, 0). If U = (1, 0) and V = (0, 1) then {U, V } is a basis of g and [U, V ] = U .
Let us consider the left-invariant Lorentz metric on G defined by
which is not complete; indeed, the Lie group G acts simply transitively on the open submanifold M = { (x, y) ∈ R 2 : x + y > 0 } of the 2-dimensional Minkowski space (R 2 , dx 2 − dy 2 ) by the action (see [4, p. 206] ) (a, t) · (x, y) = (x cosh t + y sinh t + a , x sinh t + y cosh t − a) .
Moreover, G has vanishing constant curvature, and hence, by Proposition 3.2, G cannot admit any non-degenerate pseudo-Riemannian homogeneous structure of type S 1 . But G admits nonvanishing pseudo-Riemannian homogeneous structures of type S 1 defined by isotropic vectors; in fact, a solution of equation (1) is
to which it corresponds the homogeneous pseudo-Riemannian structure on M defined by the vector field
The remaining nonvanishing solutions of the differential equation (1) furnish a family of homogeneous pseudo-Riemannian structures S c (c < 0) of type S 1 , S c being defined by the vector field ξ c given in terms of the identity chart (a, t) of G by (ξ c ) (a,t) = ce
, c ∈ R, c < 0 .
Moreover, since dim G = 2, there do not exist other nonvanishing homogeneous pseudoRiemannian structures on G.
Manifolds with nonvanishing constant curvature
For each integer n ≥ 1 we consider the Lie group
which may also be considered as the semidirect product solvable Lie group of the additive group R n and the multiplicative group of positive real numbers R + under the homomorphism σ : R + → Aut(R n ) given by σ(s)(v) = sv, s ∈ R + , v ∈ R n . Its Lie algebra h can be identified with the semidirect product R n ⊕ ϕ R with respect to the induced homomorphism ϕ : R → End(R n ). In terms of the basis { E 0 , E 1 , . . . , E n } of h given by
where {e 1 , . . . , e n } is the canonical basis of R n , the structure of Lie algebra of h is given by
Let { α 0 , α 1 , . . . , α n } be the dual basis to { E 0 , E 1 , . . . , E n } and let us consider the leftinvariant metric g ε (ε = ±1) on H defined by
The Levi-Civita connection ∇ of g ε is given by
and the curvature tensor field thus satisfies
from which it follows that (H, g ε ) has constant sectional curvature −ε/c 2 . If ε = 1, the simply connected manifold H is a complete Riemannian manifold of negative constant sectional curvature −1/c 2 , and it is hence isometric to the hyperbolic space H n+1 (c).
manifold which is therefore complete, and since the covering map N → Γ \ N is a local isometry, (N, g −1 ) is itself complete [17, p. 210] . We have (see [19] , [18] ): Proposition 5.1. All the homogeneous pseudo-Riemannian structures on (N, g ε ) are given by
where {τ, α, β} is the dual basis to {a, x, y}.
Thus, from the definitions of the classes in §2 we deduce:
Proposition 5.2. For each λ ∈ R, the structure S λ given by (13) is of type S 2 ⊕ S 3 . Moreover, S λ is of type S 2 if and only if λ = −ε and S λ is of type S 3 if and only if λ = 1 2 ε. In particular, the decomposition g λ = h λ ⊕ m λ associated to the structure S λ on the Riemannian manifold (N, g 1 ) (resp. Lorentzian manifold (N, g −1 ) ) is a cotorsionless reductive decomposition if and only if λ = −1 (resp. λ = 1 ) and the metric g 1 (resp. g −1 ) is naturally reductive with respect to g λ = h λ ⊕ m λ if and only if λ = 1 2 (resp. λ = − 1 2 ). As for the reductive decomposition g λ = h λ ⊕ m λ associated to the homogeneous pseudo-Riemannian structure S λ on (N, g ε ), ε = ±1, one has (see [19] ) an isomorphism
where the algebrah λ is an algebra (isomorphic to the holonomy algebra) which is generated by the operator
where so k (n) denotes the algebra of antisymmetric endomorphisms of (n, , ε ), which is isomorphic either to so(3) (ε = 1) or to so(1, 2) (ε = −1). Consequently, if λ + 1 2 ε = 0 then g λ is isomorphic to n and if λ + 1 2 ε = 0 then the reductive decomposition associated to the homogeneous pseudo-Riemannian structure S λ given by (13) is g λ ≡h λ ⊕ n = {r, a, x, y} , with structure equations
Note finally that if we put e 1 = x, e 2 = y, e 3 = (λ + 1 2 ε) r + a, e 4 = r , and so, if λ + ε 2 = 0, the Lie algebra g λ is isomorphic to the semidirect product of the Heisenberg algebra k = {e 1 , e 2 , e 3 } and the abelian algebra l = {e 4 } with respect to the homomorphism ad |k : l → Der(k).
The generalized Heisenberg group H(1, 2)
Cordero and Parker, in their study [7] of the geometry of the 2-nilpotent pseudo-Riemannian Lie groups, consider 2-nilpotent Lie groups with the left-invariant metric induced by a (not necessarily positive definite) inner product in their Lie algebra. If n is a Lie algebra with inner product , and z is the center of n, they consider a decomposition n = z ⊕ v, where z = U⊕Z, v = V⊕E, being U the null subspace of z and V ⊂ v a complementary null subspace. An example of their construction is the generalized Heisenberg group H(1, 2) of dimension 5, whose Lie algebra is n = U ⊕ Z ⊕ V ⊕ E = {u, z, v, e 1 , e 2 } , being U = {u} , Z = {z} , V = {v} and E = {e 1 , e 2 } , with structure equations [e 1 , e 2 ] = z , [v, e 2 ] = u , and nontrivial inner products (14) u, v = 1 , z, z = ε , e 1 , e 1 =ε 1 , e 2 , e 2 =ε 2 ,
where each ε-symbol is ±1 independently. Hence, the pseudo-Riemannian metric on H(1, 2) defined by , has signature (k, 5 − k), 1 ≤ k ≤ 4. Since H(1, 2) admits a discrete subgroup Γ such that Γ\H(1, 2) is a compact homogeneous pseudo-Riemannian manifold, H(1, 2) is itself complete. From the expressions for the Levi-Civita connection ∇ given in [7] one can obtain the expressions for the curvature tensor. To determine the homogeneous pseudo-Riemannian structures S on the manifold H(1, 2), writing∇ = ∇ − S, from the conditions ∇R = 0 and∇g = 0 one can obtain the components of the (0, 3) tensor field S; from their expressions it may be proved that the condition∇S = 0 is trivially satisfied. If we denote by {η, θ, τ, α 1 , α 2 } the dual basis to {u, z, v, e 1 , e 2 }, we deduce:
Proposition 5.3. The only homogeneous pseudo-Riemannian structure on H(1, 2) with the pseudo-Riemannian metric defined by (14) is given by
From the definitions of the classes in §2 we deduce that S is of type S 2 ⊕ S 3 and S does not belong to a subclass. So we have Proposition 5.4. The generalized Heisenberg group H(1, 2) endowed with the left invariant metric defined by (14) is a reductive homogeneous connected, simply connected and complete pseudo-Riemannian manifold which is neither a naturally reductive manifold nor a cotorsionless manifold.
In this case, the reductive decomposition associated to the homogeneous pseudo-Riemannian structure S is easily obtained. Since for the connection∇ = ∇ − S we havẽ ∇ x y = 0 for each x, y ∈ {u, z, v, e 1 , e 2 }, the curvature operatorsR xy of∇ vanish; hence the holonomy algebra of∇ is trivial and the reductive decomposition of n is the trivial n = {0} ⊕ n and thus the isometry group associated to S is the same group H(1, 2) acting on itself by left translations.
